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Abstract 

Connes' gauge theory is defined on noncommutative space-times. It is applied to 
formulate a noncommutative Glashow-Weinberg-Salam (GWS) model in the leptonic sector. 
It is shown that the model has two Higgs doublets and the gauge bosons sector after the 
Higgs mechanism contains the massive charged gauge fields, two massless and two massive 
neutral gauge fields. It is also shown that, in the tree level, the neutrino couples to one of 
two 'photons', the electron interacts with both 'photons' and there occurs a nontrivial vr- 
interaction on noncommutative space-times. Our noncommutative GWS model is reduced 
to the GWS theory in the commutative limit. Thus in the neutral gauge bosons sector 
there are only one massless photon and only one Z° in the commutative limit. 
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§1. Introduction 

Connes' reconstruction&'&'B'&'i' of the standard model assumes^ the two-sheeted Minkowski 
space-time M4 x Z2, the two sheets being separated by the inverse of order of the weak scale, while 
the Minkowski space-time M 4 is assumed to be continuous. On the other hand, there is a growing 
attention to a possibility!)' !>'!)■ !>>0) that our present space-time geometry would change and the 
space-time coordinates become noncommutative at very short distances. The non-commutativity 
scale is fundamentally different from the weak scale and supposed!!' to be of order of the Planck 
length. The noncommutative geometry & provides us with a suitable mathematical framework to 
describe such a noncommutative space-time structure. In this paper we ask ourselves how the two 
different scales appear in the noncommutative gauge theories (NCGT) 
extending Connes' gauge theory on M 4 x Z 2 in the framework of NCGT. 

On noncommutative space-times characterized by the commutation relations for the hermitian 
coordinate operators x^ 

[x^,x u }=i9 f "\ n,u = 0,1,2,3, (1-1) 

where 9 pu is a real antisymmetric tensor commuting with x p , the spinor ip(x) should be regarded as 
an operator- valued function ip{x), which is an element of an algebra A x of functions in x M modulo 
the relations ( |1-1[ ), and the partial derivative d^(x) is to be replaced 0> by the commutator 
\Pij,,ip{x)]j where p^ is defined by 

P, = -iO^ST, 9, v 9 vX = 6J, [p„ x v ) = 5;. (1-2) 

Here and hereafter we assume that the matrix 9 = (9^) is invertible. 

There arise new features in NCGT apart from its nonlocality. The most prominent one is that 
the noncommutative 17(1) has a field strength of Yang-Mills (YM) type. &.E3).0.Ei.0.EI.0) The 
other is that the YM action but not the YM Lagrangian are gauge-invariant. Similarly, if the 
gauge transformation for ip(x) is acted upon also from the right, namely, ip(x) — > g(x)^(x)u'(x) 
provided that the matrix multiplication is consistently calculable, only the Dirac action becomes 
gauge-invariant. We shall argue that, if the fermion mass is not gauge- invariant, the combination 
of the left and right actions determines the pattern of the Higgs mechanism generating the input 



fermion mass, yielding a different scale from that determining the commutation relations (IT). 

Connes' interpretation!) of the standard model regards the Hilbert space of spinors and their 
charge conjugates as a module over the algebra A <8> A°, A° being the opposite algebra of the 
color-flavor algebra A. This essentially means a factorization of the gauge transformation for the 
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doubled spinor Eir in such a way that each factor contains flavor and color, separately, while an 
Abelian factor is present in both. The unitary group of the algebra A has two U (l)s, whereas the 
standard model gauge group possesses only one. This leads to one additional requirement, the 
unimodularity condition to reconstruct the standard model in Connes' scheme. As we have 
shown recently©, it happens to determine the correct hypercharge assignment uniquely if Vr 
exist in each generation. In this paper, considering the leptonic sector only, we shall show that 
the factorization is naturally obtained by the two-sided gauge transformation without introducing 
the doubled spinor. 

In the next section we define Connes' YM on noncommutative space-times in the operator 
formalism and apply it to formulate a noncommutative Glashow-Weinberg-Salam (GWS) model 
in the leptonic sector, which contains two Higgs doublets. In order to study the Higgs mechanism 
in our noncommutative GWS model, we rewrite the noncommutative Connes' YM in terms of 
the Weyl-Moyal description III*' in 54. It turns out that the model contains two massless and 
two massive neutral gauge fields in addition to the charged ones in the gauge bosons sector. The 
neutral components become a single massless and a single massive neutral gauge fields in the 
commutative limit 0. Similarly the two Higgs doublets become related, leaving a single standard 
Higgs doublet, in the commutative limit. The final section is devoted to discussions. There are 
two technical Appendices. 



>2. Noncommutative Dirac- Yukawa action and noncommutative Connes' YM 
The free Dirac action reads 



S D = (2vr) 2 v / det^tr^(x)(27 M [^,^(x)] - Mip{x)) = d 4 xip{x)Dip{x), (2-1 



where D = D Q —M, D = i$®l n , l n being the n-dimensional unit matrix, and the (n-component) 
spinor tp(x) is the Weyl symbol of ip(x) defined by@* 



VdeW 
(2tt) 2 

with f(k) = e ik ^ and ft (A;) = f(-k). The trace tr is taken in the Hilbert space in which the 



V>(*0 = 7^ / d 4 ke lkx tr(mf Hk)) (2-2) 



operators x M are represented, and normalized tiJ to give the last equality in Eq. (|2 



By the commutative limit we always mean the limit B^ v — > in the Lagrangian level. 
*) We shall prove the trace formula trT(fc) = [(27r) 2 /v / det^](5 4 (fc) in the Appendix A. 
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We then require the gauge invariance under the gauge transformation 

ip(x) ^ 9 ?p(x) = g(x)tp(x)u^(x), 

_ g(x)eM n (A x ), «(£)GMi(^), (2-3) 

i/j(x) ^ 9 ?p(x) = u(x)ip(x)g\ (x), 

with g(x)g^(x) = g^ (x)g(x) = l n and u(x)u^(x) = u^(x)u(x) = 1, where l n is the n-dimensional 
unit-operator matrix and M n (A x ) denotes the set of n-dimensional square matrices with elements 
in the algebra A x . The gauge invariance demands the replacement of the derivative [p^, ip(x)] in 
Sd with the covariant derivative, 

[p„, il){x)\ -> ^(x)] + - ^(x)B^x), (24) 

where the noncommutative gauge fields A^{x) and B^(x) are assumed to transform like 

A„(x) -> = s(£)^(%t(£) +^(x)[p M , 5 t(x)], 

-> = M(£)5 M (£) M t(£) + M (£)[p M)M t(£)], (2-5) 

or, equivalently, putting A = ij^A^, B = ij^B^, D = i^p^ and Dq = ij^Pn, we have 

A(x) - <A(x) = g{x)A(x)g\x) + g(x)[D , g^x)}, 

B(x) ^ g B(x) = u(x)B(x)J (x) + u(x)[D% ,vl (x)}. (2-6) 
The gauge- invariant, noncommutative Dirac action is thus obtained as 



Sd+a-b = (2n) 2 Vd^t9tT^{x){iY[P^^{x)] + A(x)i/>(x) - i/>(x)B(x) - M^(x)), (2-7) 

where we have assumed that M is gauge-invariant. 

Since p^ is anti-hermitian, so is A^(x), a\(x) = —A^x) and similarly for B^(x), ensuring 
the hermiticity of Sd+a-b- The noncommutative field strengths 

F^{x) = [p^A v {x)} - \p v ,A^x)\ + [A^{x),A u {x)], 

G^(x) = \p^B v {x)\ - [p„,B,(x)] + [B^x),B„(x)], (2-8) 

are also anti-hermitian. Since [p^,p u } = iO^v commutes with x p , the field strengths are gauge- 
covariant 

F^(x) -> 9 F^(x) = g(x)F^(x)gl(x), 

G^(x) - 9 G, u (x) = u(x)G^(x)J(x). (2-9) 



Consequently, the noncommutative Yang-Mills (NCYM) action is given by 

Sym = ~(2n) 2 V^Tr^Fl(x)F^(x) - ^(2 7 r) 2 v / det^trG / t(£)G^(a;), (2-10) 

where Tr includes the trace over the internal symmetry matrices in addition to the previously- 
defined trace tr and F^ u (x) = g fJiP g ucr F pcr (x). We should delete the second term in the above 
equation if the gauge field B p appears already in F^ v in order to avoid the double counting. 

Since the determinant for the operator-valued gauge function g(x) can not be well-defined, 
we can formulate only noncommutative U(2) but not noncommutative SU(2). (We may extend 
2 — > N.) Moreover, the commutative limit of noncommutative U(2) is U(l) x SU(2) YM with 
the same coupling constant. In order to recover U(l) x SU{2) YM with the different coupling 
constants it is preferable to consider noncommutative U(2) which is reduced to SU(2) YM in 
the commutative limit, plus additional noncommutative U(l) 2 (with the same coupling constant) 
reduced to commutative U(l). In such noncommutative U(2) an Abelian gauge field mixed with 
the non-Abelian gauge fields on noncommutative space-times would 'disappear' in the commu- 
tative limit because it is proportional to 9 for small 8, while the non-Abelian gauge fields exist 
for 9 — > 0. If such a model is possible, it will serve to define a noncommutative GWS model 
which is reduced to the usual GWS theory in the commutative limit. We shall argue below that 
a noncommutative Connes' YM may play a role in this direction. 

To define a noncommutative Connes' YM we consider!^ the 'gauge' transformations 



ip(x) — > bi(x)i/}(x)c[ (x), 
ip(x) — > d[ (x)ip(x)ai(x), 



ai (x),bi(x) e M n (A x ), Ci(x), di(x) e M 1 (A X ) {2-11) 



with 



Y / a l (x)b l (x) = l n , £ct(z)4(s) = l, (2-12) 



to obtain after taking the sum over the index i in constructing the sensible action the gauge fields 
A(x)and B(x) in Eq. (|2-7f) as the sums 

A(x)=Y^ai(x)[D M{x)l B{x) = Y,c\{x)[DLd\{x)\. (2-13) 

i i 

Equation ( [2 -131 ) is similar to Connes' expression for YM gauge field. In fact, in the commutative 
limit, we may replace x M — > x p and D — > D , obtaining the noncommutative one-form on M4. 
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We define the field strength by the wedge product of the Dirac matrices 
F(x) = ]T[A), (k{x)] A [D , hix)} + A{x) A A(x) = -~( 7 V " 7Y)^(i), 

i 

G{x) = J2[Dlc}(x)} A [I> T , d\{x)\ + B{x) A 5(f) = -i(yy»-yY) T GW(£), (2-14) 

i 

where F^ix) and G^ u (x) are given by Eq. (2-8) with = and B^x) 

Y,ic](x)[fi^d](x)}. NCYM action (|2~T0|) then reads 



5 rM = -— (27r) 2 Vdet0TrF(z)F(x) - — 5 (27r) 2 Vde^trG(f)G(x), (2-15) 

where TV and tr includes the trace over the Dirac matrices as well. The theory defined by the 
sum S d+a—b + Sym involves only the physical fields. 

If M is not gauge-invariant and fermions exist in chiral multiplets, we use the chiral decom- 
position of spinors so that the Dirac operator reads 

D = A. + h:,M. D () = [ „ lnL . ° j - l.v,, .1/ = [ t ' j . (2-10) 

with N g being the number of generations. The 75 matrix is inserted for later convenience. The 
'gauge' transformations Q2-il| ) except for cj (x) and d] (x) are to be extended to those of 2 x 2 
matrices in the chiral space 





' 






v m} 




J 



/*(£)=( ft{ * ] ;i L /^eMj^/.fl.t. (2-17) 



The same procedure as described for the case of the gauge-invariant M leads to the generalized 
noncommutative gauge field 

A(x) = J2ai(x)[DMx)\ = A(x)+ij s $(x), $(x) = 5>(z)[M, h(x)), (2-18) 

i i 

where D = D + i^Ml and A(x) = Ei [D , = ( A ^ &) J {±) ) ®l Ng . The gauge field 
B(x) remains the same as before. The fields A(x) and B(x) appear in the noncommutative 
Dirac- Yukawa action 



S D = (2ir) 2 Vdet6tr^{x){iY[P»,^{x)] + A(x)i/>(x) - ijj{x)B(x) + i-f 5 Mip(x)) 

= (27i) 2 VdetetT^{x){iY[P^^{x)} + A{x)ip{x) - ip{x)B{x) + i"f 5 H{x)ip(x)) (2-19) 



6 



with H(x) = $(x) + Ml. 
The gauge transformation 



A(x) -^ 9 A(x) = g(x)A(x)g\x) + g(x) [D, g\x)} (2-20) 
is induced by bi{x) — > bi(x)g'(x) and Oi(x) — ► (?(x)ai(x), where 

^(x)=(^ x) ° )®ljv flJ J £ (i)eM ni (4 g R (x)eM nR (A x ), (2-21) 
\ ^BW / 

with the conditions g L {x)g[{x) = g\{x)g L {x) = 1„ L and g R {x)g R (x) = g R (x)g R (x) = l nR . 

In order to construct the bosonic action we again employ the wedge product of the Dirac 
matrices to define the generalized noncommutative field strength 

F(x) = ]T[A Oi(z)] A [D, bi(x)} + A(x) A A(x) = F(x) - « 75 [P, H(x)} - U ® Fo(^), (2-22) 

i 

where P = i-y^P^ with P M = p M + v4 M , and 

F (x) = # 2 (x) - M 2 + y(z) = -]>>(x)[M 2 (2-23) 

Unfortunately, however, there is a nuisance in this definition because F(x) does not vanish 
even when A{x) = J2i a i{ x )[D,bi(x)} = 0. This is a common feature in Connes' YM, 

which arises from the ambiguity in defining the exterior derivative as given by the first term in 
Eq. ( F22D based on the sum ( gTg ). 



To overcome the difficulty we resort to a subtraction method similar to Connes' one0)'ll''EJ ) '&'il* 
of introducing a quotient algebra. It consists of subtracting off the piece (F(x)), which is a matrix 
of the same form as Y,i{D, ai(x)] A [D, with A{x) = Y,i a>i{%)[D, bi(x)] = 0, from F{x). 

The genuine noncommutative generalized field strength is then given by [P(£)] = F(x) — (F(x)). 
Since J2i[D,ai(x))A[D,bi(x))\ A ^ =0 = -U®y(%), we have (F(x)) = -U®(Y (x)) where (Y Q (x)) 
is a matrix of the same form as y(x). Consequently, we obtain 

[F(x)] = F(x) - z 75 [P, H(x)} - U ® [Yo{x)}, [Y {x)} = Y (x) - (Y (x)), (2-24) 



*' For instance, a matrix ( ^ ^ ] is of the same form as ( ^, ) ^ both are hermitian. The sub- 

tracted piece is uniquely determined by the orthogonality. 
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leading to the noncommutative Yang-Mills-Higgs (NCYMH) action 



S 



YMH 



AN, 



(27r) 2 Vdet# Tr cq — [Fix)} \F(x)\ 5 (2ir) 2 Vdet6trG(x)G( 

9 % 



S YM + — (2 7 r) 2 v / det^Tr C9 -[P M , H(x)][P», H{x)\ 



1 



1 



2N, 



(27r) 2 v / det^Tr cg -[r (x)] 2 , 



^2-25) 



- 9 r 

where the subscripts c and g of Tr cg and Tr C9 indicate the traces in the chiral and generation 
spaces, respectively, and P M = g^ v P u - 

It is necessary to fix the model in order to make the subtraction [Yo(£)] = Yq(x) — (Yq(x)). 
A noncommutative GWS model in the leptonic sector is obtained by taking ni = tir = 2 with 
M nL=2 (A x ) -> H(A X ) and M nR=2 (A x ) -> B(A X ), where 



ax 



(3(x) 





&t(£) 



with a (x), b(x) G M^Aj.). In this model the left-handed fermions are doublets like 




and the right-handed fermions singlets like 

Mi = 

It is then straightforward to show that 

h(x)Mt 
M}rf(x) 

The two Higgs doublets 

(j)(x) 



e.R 



in N g generations with the mass matrix 
m i,2 : N g x N g matrices. 



H(x) 



h(x) 



x 



-<f/ + *(x) <j> (x) 



<f>+(x) 




c (x) 



(2-26) 



(2-27) 



fuse into a single Higgs doublet in the commutative limit since the operators defining them become 
commutative in that limit 0. It follows from Eq. (|2-20 ) that, under the gauge transformation by 

*) In the commutative limit (f> c (x) — > (f) c (x) and (j>(x) — > 4>(x) with (jf{x) = i<j2(f>*(x) in terms of the second 
Pauli matrix 02 ■ The change of the spectrum is characteristic to our formulation of a noncommutative GWS 
model which is reduced to the GWS theory in the commutative limit. 
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g L (x) e H(A X ) and g R (x) G B(A X ) with the conditions g L {x)g\{x) = g R (x)g R (x) = 1 2 , h(x) 
transforms as 

h(x) ^ 9 h(x) = g L {x)h{x)g{{x). (2-28) 

On the other hand, the gauge transformation, ip(x) — > g(x)ip(x)w (x), for the chiral leptons gets 
factorized in the commutative limit into two factors© 0. 

It can be shown that y(x) —f ° ^, where yi(x) is a hermitian matrix. On the other 

hand, H 2 (x) — M 2 —f V where is also a hermitian matrix not orthogonal to 

Vi{x), and y 2 (£) is given by 



3/2 W 



(0 c "l"(x)0 c (x) — l)m|mi c "l"(x)0(x)mjm 2 
0t(x)0 c (x)m|mi (0^(x)0(a;) — l)w|m 2 



The result of the subtraction is [lo(£)] — ( !? ?-n )■ After rescaling NCYMH action reads 
Symh = S YM + l(2n) 2 Vd^9Ti c [D„ /i(x)]t[D", h{x)] 



-^(27r) 2 v / det^tr[((/) c t(x)0 c (x) - yl) 2 tr 9 (mj mi ) 2 

+0 c ^(a;)0(x)^(a;)0 c (a;)tr 9 (mimfm 2 m 2 )] 

- — (2vr) 2 v / det^tr[(0T(x)0(x) - yl) 2 tr 9 

+0^(x)0 c (x)0 c ^(x)0(x)tr 9 (mimfm 2 m 2 )] (2-29) 

with [Dp, h(x)] = [pn, h(x)) + A^(x)h(x) — h(x)A^(x), _D M = g^ 1 ' D v and tr 9 meaning the trace 
in the generation space. The parameters v 2 , X' are expressed in terms of the gauge coupling 
constants, N g and the generation-space traces of the matrices m\ >2 . 

In NCYMH action (2-29) we are left with only the physical degrees of freedom, A^' R (x), Bp(x), 
4>(x) and 4> c (x). We now turn to study the Higgs mechanism on noncommutative space-times. 



*' It should be remembered that the factorization of the gauge transformations in Connes' scheme is required to 
reproduce the correct hypercharge of leptons using the doubled spinor@ in accord with Connes' real structured. 
Here we do not have to introduce the doubled spinor in order to obtain the correct charge assignment. 
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]3. Noncommutative GWS model in the leptonic sector 



Since the Higgs mechanism in our noncommutative GWS model becomes most transparent 
in the Weyl-Moyal description of the noncommutative Connes' YM, we shall first translate the 
operator language into the function-space language with deformed product. 

Using the relation f(k)f(k') = e -\ k ^ Vk ^f(k + k') together with (see Eq. (g3ft ) 

1 



(2tt)< 



d i kd i xi P (x)e- lkx T(k) 



we find© the basic formulae of the translation 
VdeW 



(27T)* 



d 4 ke lkx tr( Vl (x) V2 (x)f^k)) = Vl (x) * <p 2 (x), 



d 4 ke ikx tT((pi (x) (p 2 (x) (p 3 (x)fl (A;) ) = ipi(x) * <p 2 (x) * <p 3 (x), 



where the * product is the Moyal product, 



' 9 QP-V 9 

<Pi(x) * (ps(x) = e 2 ax i 8x * cp 1 (xi)ip 2 (x 2 ] 



X±=X2=X 



Integration gives 



(27r) 2 v / deWtr(cpi(x)(p 2 (x)) = / d 4 xtp\{x) * (pi(x) = / d 4 x(pi(x)(p2(x) 



(2n) 2 Vdet9tr(Lp 1 (x){p 2 (x){p 3 (x)) = J d 4 X(p 1 (x) * <f 2 (x) * <f 3 (x). 
Using these formulae we rewrite the 'gauge' transformations ( |2 • 1 1 ) as 



ip(x) — > bi(x) * ip(x) * cj(x), 
ip(x) — > d[{x) * tjj(x) * di(x), 



(3-i; 



(3-2) 



(3-3) 



where the gauge parameters fi(x) 



//■(*) o 

//*(*) 



, ft (x) 6 C» (M A ) 9 M nL (O f = ah and 
>lN °' < f*(x)zC°°(Mi)®M nR (C) ' J a '° ana 



Ci(x),di(x) G C°°(M 4 ) g) Mi(C) satisfy J2iO>i( x ) * h(x) = l n , n = N g {riL + n R ) and SjcJ(x) * 
= 1. The gauge fields are given by 

A ( x ) = Yl a i( x ) * \P' b i( x )] = A ( x ) + n5®( x ), 

i + + (3-4) 

B(x) = £cj(x) * [Dl dj(x)}, Dq = i^ T d„ 
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with A(x) = EiOi(x) * [D ,bi(x)} 



A L (x) 
A R {x) 



In,.- The noncommutative Dirac- Yukawa 



action (2-19) is brought into the form (before rescaling of H = <P(x) + M) 

S D = [ d A xijj(x)(Dilj(x) + *A(x) * ijj(x) - *ip(x) * B(x) + i<y 5 M^(x)) 

d A xtjj(x)(D( ) ^(x) + *A(x) * ijj(x) — *ip(x) * B(x) + ry 5 * H(x) * ip(x)). (3-5) 



It is gauge-invariant under 

ip(x) — > g(x) * ip(x) * Ui(x 

ip(x) 



■ U(x) * ift(x) * (x), 

A(x) -^ 9 A(x) = g{x) * A{x) * g'(x) + g(x) * [D,g\{x)\, 
B(x) -^ 9 B{x) = U(x) * B(x) * u\x) + U(x) * [D%, u\x)}, 



(3-6) 



with 



9l{x) 




g L (x) e C°°(M 4 ) ® M„ L (C), g R (x) e C°°(M 4 ) ® M nR (C), 

g(x) * g* (x) = l n , n = N g (n L + n R ), U(x) * W(x) = 1. (3-7) 

Let us next turn to the bosonic sector. The previous model amounts to replace M„ L=2 (C) — > 
if and M nR=2 (C) -> 5 0. The YM sector is well-known. The Higgs kinetic energy term in 
Eq. (2-29) is converted into 

Shk = ^(27r) 2 v / det^Tr c [ J D^ h(x)tf[D», h(x)} = l - f ^xtx c {D^ h(x)}l * {£>", h(x)} M , (3-8) 

with {D^ h(x)}jtf = d^h(x) + A^(x) * h(x) — h(x) * A^(x). The tr c indicates the trace in the 
chiral space. Putting Symh = Sym + Shk + Shp we have the Higgs 'potential' term 



-S 



HP 



,l l .c(j If - r 



Xp 1 4- 1) 

x) * (j) c (x) - —) * (0 cT (:r) * (j) c (x) - —^igimlm^ 2 



+(p c ^ (x) * <f>(x) * (f^ (x) * <p c (x)tT g (mim\m2m2 )] 
* c (x) * cf) c ^ \x) * (f)(x)tr g (mim\m2m2 )] 



(3-9) 



*) Here, if is the real quaternions and B C H is the set of elements 



b 
6* 



for beC. 
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We find that in the commutative limit the integrand is reduced to the usual Higgs potential for 
a single Higgs doublet. 

The Higgs mechanism occurs if a minimum of —Shp is attained by non- vanishing vacuum 
expectation value (VEV) (<f>(x)) of the Higgs field (f>(x). We seek for the minimum by assuming 
that the VEV is constant, (4>(x)) = ((f)), and (</> c ) = i<J2(4>)* ■ In this case the coefficients of 
tr g (mimjm2m|) vanish 0. The rest is minimized if 



V 

~2 



The gauge transformation for Higgs doublets is given by 

<j>{x) -> 9 <f)(x) = ql{x) * <p(x) * U(x), <p c {x) —> 9 (f) c (x) = giix) * 4>{x) c * W(x 

t, 



where Ql{x) G C°°(M 4 )(g> H with g L (x)*g' L (x) = 1 2 , while g R (x 



(3-10) 

), (3-H) 
G C°°(M 4 )® J B 



U(x) 
tf(x) 

with f/(x) * C/t( x) = 1. Remember that the same function f/(x) as in Eq. (3-6) appears also in 
gii(x). Consequently, we should retain only the first term in Eq. (|2T5|) to define the YM action 



Sym- We assume the unbroken symmetry ci] 

(0) -> (V) = M*) * (0) * = M*) * = (</>>, 

(0 C ) - (V c ) = h L (x) * (0 C ) * U\x) = h L (x) * C^t( z )(^) = 
This together with Eq. ( |3T0| ) has a solution 

hi{x) = g R {x) = 



V s )- 



(3-12) 



U(x) 
U\x) 







/ 


«>> = 




(0 C ) = 




V 



G C°°(M 4 ) ® B, 







(3-13) 



The unbroken symmetry for leptons is given by 

u(x) — * U(x) * v(x) * W(x), 
e(x) — > C/T(x) * e(x) * 



(3-14) 



It can be shown that we are left with two neutral and one charged massive Higgses among 
which only one neutral massive Higgs to be identified with the standard Higgs remains in the 



*) For instance, ((^{x) * <j>{x) * <ft(x) * <f> c {x)) = (t/> c t)(0)(</>t)(</> c ) = prov id e d that (</> c ) = ia 2 {<l>Y 
*> This assumption is motivated by generating the input fermion mass by the Higgs mechanism. 
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commutative limit. 

We finally investigate the generation of the gauge boson masses. Remembering Eqs. 
(3-5) we put 



and 



2 



2 



( K + Al Al-iAl > 



[X 



\ 







-C,(x) 



\ 



J 



(3-15) 



and rescale B^(x) —+ — (ig' /2)B t± (x) in Eq. (3-5). In the commutative limit we have A Q {x) — ► 
and C M (x) — > B^(x) 0. Namely, the gauge field is for noncommutative U(2) reduced 

to commutative SU(2). Similarly, the gauge field A^(x) is for noncommutative U(l) 2 (with 
the same coupling constant) reduced to commutative £7(1). Consequently, we have two different 
coupling constants in the commutative limit as desired for the commutative GWS theory. Setting 



h(x) -> (h) 



1 
72 { 1 



Shk is reduced to the x-integral of the mass terms 



±Jd A xtr c {D„(h)}i*{D„(h)} 



M 



(fx^M^W^W^x) + W»{x)wl(x)) 



+ -M 2 z (Z,(x)Z»(x) + Z'^Z'^x))}, 



where = v 2 g 2 /i, Mf = v 2 (g 2 + g' 2 )/A and 

W» = ^(Al-iAH 



1 



g 2 + g' 2 



(9(A° U + A 3 ) - g'B_ 



fj.ii 



Z' 



g 2 + g' 2 



( g (Al-Al)+g%). 



(3-16) 



*) Both A^(x) = J2i a i(x) * d IJi bf(x) and A^{x) = X)i a f ( x ) * d^fix) are n °t traceless in contrast to the 
model in Ref.18). 

**) The proof will be given in the Appendix B. 
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The orthogonal combinations 



A" ~ ; MAl + AD+gBj, 

\/g 2 + g' 



A', = . 1 (g'(Al - 4) - yC M ) (3-17) 
vV + g' 

remain massless, although A' ^ — > — A M in the commutative limit. 

The unbroken gauge transformation for mass-eigenstates gauge fields turns out to be 



h Wp(x) 


= U(x) * W^x) * 


:U(X), 






%(x) 


= U(x) * Z^x) * 


rf(x), 






h Z',(x) 


= tf(x)*Z'^x) 


* U(x), 






%(x) 


— U(x) * A^(x) * 


U\x) + 


-U{x) * 
e 


d^{x) 






* U(x) + 


-tf(x) 

e 


* dfJJ (x 



(3-18) 



where we have defined 



99' 

e = 



\jg 2 + g' 2 

In the commutative limit we have A°{x) — > and C^x) — > B^x) so that Z'^(x) — > — Z^{x) and 
A' ^(x) — > —A^x), the same spectrum as in the neutral gauge bosons sector of the GWS theory. 
We write the gauge interactions of the chiral fermions as follows: 

ip(x) * A(x) * tp(x) — ip(x) * ip(x) * B(x) 

g 

= * ^(A^x) * v{x) - u(x) * A^{x)) 

+ |e(x) * YiA'^x) * e(x) - e(x) * A^(x)) 
+ ^-interactions + Z'^-interactions + W^-interactions. (3-19) 
Looking at ^-interactions for the neutrino 

-(1 - sin 2 9 w )V L (x) * Y z ti{x) * vl(x) - ~ sin 2 9 w V R (x) * Y z ^{x) * v R (x) 



cos 9 



w 



+^ sin 2 9 w {P L (x) * -fv L {x) + P R (x) * ^vr{x)) * Z„(x)], (3-20) 



14 



where the Weinberg angle is defined by tan 9w = g'/g, we conclude that is R interacts with on 
noncommutative space-times, although it escapes the interaction in the commutative limit as it is 
gauge-singlet in GWS theory. In the commutative limit Eq. (13- 141) is reduced to i ~* 

e(x) — > U< (x)e(x), 

so that there is only one photon field = —A'^ and the leptons (is, e) have the electric charges 
(0, — e). On noncommutative space-times the unbroken symmetry is described by the gauge 
transformation ( |3-14| ). Consequently, in our noncommutative GWS model in the leptonic sector 
there are two 'photon' fields, A^, A! ^ and two neutral massive gauge fields, Z^, Z' ^. It can be 
seen from E. (3-19) that, in the tree level, only one 'photon', A^, couples to the neutrino, while 
both 'photons' interact with the electron. Similarly, the neutrino couples to Z^ only but the 
electron does to both Z^ and Z' ^ in the tree level. The neutral gauge fields become degenerate 
into the photon and Z°, respectively, in the commutative limit. The structure of W^-interactions 
remain intact. 



§4. Discussions 

We have defined Connes' YM on noncommutative space-times. It contains more physical 
degrees of freedom than those in the commutative Connes' YM. We have considered a noncom- 
mutative GWS model in the leptonic sector. The model predicts that, in addition to the extra 
massive Higgses, there are two independent massless as well as two independent massive neutral 
gauge fields on noncommutative space-times. They become degenerate into the photon and Z°, 
respectively, in the commutative limit. 

In order to include color into the present scheme we may write 



*(*)= , \^g(x)*l(x)*uHx), g=[ y : , g R 





where v(x) E C oc (M 4: ) ® M 3 (C) with v(x) * v\(x) = v<(x) * v(x) = 1. The new gauge fields 
associated with v(x) are the gluons. There is a ninth gluon G°^(x) which is related to A^(x) via 
G°^(x) = —(1/3)^4^(37) in the commutative limit in order to reproduce the correct assignment 
of the electric charges of quarks. This relation is to be imposed by hand as opposed to the 
limit A' ^(x) — > —A^(x) which is automatic in the leptonic sector. This may raise a problem in 
extending our noncommutative GWS model to a noncommutative standard model. This point 
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will be a subject in a forthcoming paper. 

Non-commutativity of the operator or Moyal products implies that a noncommutative gen- 
eralization of the conventional field theory model is not unique. As an example we consider a 
noncommutative QED for leptons (is, e) with only a single Abelian gauge field A^. The relevant 
gauge transformation is given by 

is(x) U(x) * is(x) * W(x), 
e(x) —*U(x)* e(x). 

The gauge couplings are determined as 

v(x) * iY(A^(x) * is(x) - v(x) * A^(x)), 
e(x) * ij^A^x) * e(x), 

where the gauge field is assumed to transform like 

A„(x) -> U(x) * A„(x) * C/t + u(x) * dptfix). 



This is inconsistent, however, with the assumption that f J is a doublet on noncommutative 

space-times. In this case both v and e should receive the (unbroken) gauge transformation from 
both sides, since the neutrino is neutral. Our gauge transformation Q3-14 ) is chosen to meet this 
assumption. But in that case we necessarily have two 'photons' which become a single photon in 
the commutative limit. There is a change in the spectrum of our noncommutative generalization 
of QED for the leptons (is, e). 

The non-commutativity parameter is very small so that we may work in the first-order approx- 
imation. We rewrite the v-A^ coupling in Eq. (3-19) to the first order in the non-commutativity 
parameter as 

-i^dpU^Ydvis^A^x), 

where we have made the partial integration and used the antisymmetry of 9 pa . Similarly, the 
^-interaction in Eq. (3-20) is approximated by 

^^srn^ 
2 cos W 

Next consider the electron-interaction with two 'photons'. We can convert it to the familiar- 
looking one — ee(x) , ~y II e(x)A fi (x) plus an additional one in the same approximation 

e -9^e(x)^e(x)A p , a (x) = ^e(x)Ye(x)A,(x), 
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where we put A' p (x) = —A^x) + pa A ptJUT (x). Although it is impossible to cast this extra one 
into the form j M (a;)y4 M (x), we can define the field strength for A p (x) = pa A ppa [x) by F pu (x) = 
d p A v (x) — d u A p (x) + e0 pa d p A p (x)d a A u (x) such that F' pv (x) = —F pu (x) + F pu (x) to the first 
order in pu 0, where F pv [x) = d p A u {x) - d u A p {x) + (e/2)0 pr7 d p A p (x)d a A u (x). 

Or, it may be illegitimate to attempt to expand a noncommutative GWS model with respect 
to the non-commutativity parameter although the commutative limit can be discussed already in 
the Lagrangian level. We have not yet succeeded in finding an appropriate language of describing 
the change of the spectrum in our theory. 
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Appendix A 



In this Appendix we prove the trace formula trT(fc) = [(2tt) 2 /y/det0]5 4 (k). The 2-dimensional 
case was treated in Ref. 17). 

We can always convert the (invertible) matrix = (0P U ) to the canonical form© 



0i0 2 ^ 0. 



In this canonical form we have the following commutation relations 

i0 2 , others = 0. 



/ 





0i 








\ 
































V 








-e 2 





/ 



[x^x 1 ] = 



\x 2 ,x 3 } 



Using the annihilation and creation operators a = (l/y / 20 1 )(x° + ix r ),a^ = (1/ \/20 1 )( y x — 



IX 



■),$ = {l/VW 2 )(x 2 + ix 3 ) and ft = {l/y/20~ 2 )(x 2 - tx 3 ), which satisfy [a, at] = 0,ft] 



To determine the propagator of A p we should retain a term quadratic in F pv , which is higher order. 
The decomposition A' p (x) = —A p {x) + A p {x) defines A p {x) such that, in the first-order approximation, the 
infinitesimal gauge transformation is 5A p = + (2/e)d p a — 6 pa d p ad a A p and SA p = —28 f " T d p ad a A p , where U = 
(e M )» = l+ia. Consequently, the sum — ee(x) , y p 'e(x)A p (x) + (e/2)e(x)j^e(x)A p (x) upon integration is gauge- 
invariant in the same approximation. 
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and [a,P] = [d,/3T] = 0, we can write x° = <Jdi/2(a + oJ),^: 1 = 6\/2{a — a^),x 2 = 

lh/20 + ft) and x 3 = (l/i)^/20 - ft) so that we have e ik ^ = e A+B+c+D , where A = 
Jj2{ik Q + h)a, B = J(h/2{iko - fci)at, C = ^/2{ik 2 + k 3 )$ and D = ^/2{ik 2 - k 3 )ft. 
We next resort to the well-known formula 

e A+B = e A e B e~\ [A ' B \ [A,B] : c-number 

to obtain 

f(k) = e A + B +c+D _ e A e B e c & D e {e 1 /i)(kl+kl)+(e2/ml+kl) _ ^ A . 

Since the trace is independent of the basis in the Hilbert space spanned by £ M , we evaluate it in 
the coherent states basis 

trf(fc) = (^) 2 Jdzdz*d(de(zX\f(k)\z,()e-^ 2 -^ 2 , (A • 2) 

where \z,() = e^e^O) with a\0) = /3|0) = 0. Substituting Eq. (A- 1) into Eq. (A- 2) we find 

trf(ife) = (— ) 2 / dzdz*d(d(*e x , 
2n J 



where X = Z y6 1 /2(tk - fci) + zyV 2 (^o + h) + C^]6 2 /2(ik 2 - k 3 ) + (^6 2 /2(ik 2 + k 3 ) - 
(0i/4)(A;o + kf) - (9 2 /4)(k 2 + k 2 ). Changing the variables by z = x° + ix 1 ^* = x° - ix 1 ,( = 
x 2 + ix 3 , (* = x 2 — ix 3 with dzdz*d(d(* = (—2i) 2 d 4 x, we arrive at 

trf(k) = — /d 4 xe i[v ^ (x ° fco+a ' lfcl)+v ^ (x ' 2fc2+ ^^ 

7T 2 J 

= ^^5{^k Q )5{^k{)5{^ 2 k 2 )5{J2e 2 k 3 ) 

0iO 2 v ; ^/d^te 



Appendix B 

Needless to say the gauge fields A L ' R (x) of Eq. (3-15) must become tracelessS* in the commuta- 
tive limit. The purpose of this Appendix is to prove this statement in our formulation. 

By writing the elements of C 00 (M 4 ) ® H in Eq. (0) as af(x) =( ™£ x \ M*\ ) and 
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bf(x) = ( *£> ), we have (i4j)n(x) = * ^ 7 *(z) - * d,5*(x)), while 

(^■u)22(^) = Z)i( — Pi( x ) * dfj,8i(x) + a*(x) * 9^7* (x)). Because of the *-product they are in- 
dependent. However, in the commutative limit, we can omit the *-symbol so that (A^)u(x) = 
Ei(oci(x)d^i(x) - Pi(x)d^*(x)) = -Ei(a*(x)d^*(x) - (3*(x)d ll 5 i (x)) = -(A^) 22 (x), where we 
have used the anti-hermiticity. 

On the other hand, by our choice of gu{x) (A^)u(x) and B^x) enjoy the same gauge trans- 
formation law so that we should put c*(x) = (af)n(x) and d*(x) = (6f)n(x), yielding the 
equality B^(x) = £;C*(x) * d^d*(x) = Y,i(a?)n(x) * <9 M (6f )n(x) = (A^) u (x). In contrast, 
(A*) 22 (x) = E»(of)a2(^) * d^{bf) 22 (x) is not related with B^x) since (af) 22 (x) = (af*) n (x) 
and {bf) 22 {x) = (6f*)u(x), and Ei(af*)n(x) * <9 M (&f*)n(x) is not equal to -Ei(af)u(x) * 
<9 M (&f )n(x) = — (A^)n(a;). As in the previous case, however, in the commutative limit we can 
omit the * symbol and ^2i(af*)ii(x)d li (b^ ! *)ii(x) = — Ei(of )n(x)9 M (6f )n(x) by anti-hermiticity. 
Hence, (A^)n(x) = — (A^^Oe) in the commutative limit. 
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